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1. Introduction
For the benefit of the general reader we recall some basic notions relating to textures and ditopological texture
spaces. Full details, motivation and background material may be obtained from [4–9,20,21].
Textures: Let S be a set. We work within a subset S of the power set P(S) called a texturing. A texturing is a
point-separating, complete, completely distributive lattice with respect to inclusion, which contains S and ∅, and for
which arbitrary meets coincide with intersections, and finite joins with unions.
If S is a texturing of S the pair (S,S) is called a texture [5].
The internal definition of textural concepts are expressed using the p-sets and q-sets. That is, for s ∈ S, the sets
Ps =
⋂
{A ∈ S | s ∈ A}, Qs =
∨
{A ∈ S | s /∈ A}.
It will be noted that (S,S) is a texture if and only if (S,Sc) is a T0 topology for which the lattice of open sets is
completely distributive. Such spaces are known as locally supercompact spaces, core spaces or C-spaces, and were
studied initially by Hoffmann [16], Erné [11], Erné and Wilke [13]; and later by Erné [12], Lawson [17], and others.
Although the sets of Sc do not generally belong to the texturing S, and are therefore external to the texture (S,S), this
link with C-spaces can nonetheless be exploited in their study [10]. In particular the interior relation ω on (S,Sc),
called here the interior relation of (S,S), is related with the p-sets and q-sets by the equivalence
(∀s1, s2 ∈ S) (s1ωs2 ⇔ Ps2 ⊆ Qs1),
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interchangeably throughout this paper.
Examples 1.1.
(1) The discrete texture (X,P(X)) on the set X. For x ∈ X, Px = {x}, Qx = X \ {x}, so ω is the identity relation
on X.
(2) The Hutton texture (L,L), where L = (0,1] and L = {(0, r] | 0  r  1}. Here, for r ∈ L, Pr = Qr = (0, r],
whence r1ωr2 ⇔ r1 < r2.
(3) The unit interval texture (I, I), I = [0,1], I = {[0, r) | r ∈ I} ∪ {[0, r] | r ∈ I}. Here, for r ∈ I, Pr = [0, r] and
Qr = [0, r). Hence, r1ωr2 ⇔ r1  r2.
For A ∈ S, the set
A =
⋂{⋃
{Aj | j ∈ J }
∣∣ {Aj | j ∈ J } ⊆ S, A =∨{Aj | j ∈ J }},
called the core of A, is also of importance, although in general it need not belong to S. We note the following
fundamental properties of p-sets and q-sets. Note that (5) and (6) illustrate a form of duality which is useful when
defining pairs of dual properties.
Lemma 1.2. (See [7, Theorem 1.2].)
(1) s /∈ A ⇒ A ⊆ Qs ⇒ s /∈ A for all s ∈ S, A ∈ S.
(2) For A ∈ S, A = {s ∈ S | A ⊆ Qs}.
(3) For A ∈ S, A is the smallest element of S containing A.
(4) For A,B ∈ S, if A ⊆ B then there exists s ∈ S with A ⊆ Qs and Ps ⊆ B .
(5) A =⋂{Qs | Ps ⊆ A} for all A ∈ S.
(6) A =∨{Ps | A ⊆ Qs} for all A ∈ S.
Ditopology: Since a texturing S of S need not be closed under set complementation we must forego the traditional
relationship between open and closed sets. Hence we define a dichotomous topology, or ditopology for short, as a pair
(τ, κ) of generally unrelated subsets τ , κ of S satisfying
S,∅ ∈ τ, S,∅ ∈ κ,
G1,G2 ∈ τ ⇒ G1 ∩G2 ∈ τ, K1,K2 ∈ κ ⇒ K1 ∪K2 ∈ κ,
Gi ∈ τ, i ∈ I ⇒ ∨i Gi ∈ τ. Ki ∈ κ, i ∈ I ⇒ ⋂Ki ∈ κ.
The elements of τ are called open and those of κ closed. We refer to τ as the topology and to κ as the cotopology of
(τ, κ).
For A ∈ S the sets
[A] =
⋂
{K ∈ κ | A ⊆ K}, ]A[ =
∨
{G ∈ τ | G ⊆ A},
are called the respectively the closure and interior of A under (τ, κ).
Clearly any bitopology (u, v) on X [18] gives rise to the ditopology (u, vc) on the discrete texture (X,P(X)), and
as a special case a topology T on X corresponds to the ditopology (T,Tc).
A natural ditopology for the unit interval texture (I, I) is
τ = {[0, r) | 0 r  1}∪ {I}, κ = {[0, r] | 0 r  1}∪ {∅}.
Dicovers: We recall [5,6] that by a difamily we mean a set C= {(Aj ,Bj ) | j ∈ J } of elements of S× S, and that C
is called a dicover of the texture (S,S) if⋂
Bj ⊆
∨
Aj for all partitions (J1, J2) of J.j∈J1 j∈J2
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difamily we usually write ADB in place of (A,B) ∈D.
As shown in detail in [21], on a discrete texture (X,P(X)) a difamily corresponds precisely to a dual family and a
dicover to a dual cover in the sense of [2]. This notion of dual cover, which is closely related to the notion of pairs of
covers with a common index used by Gantner and Steinlage [14] in a characterization of quasi-uniformities, is used
in [2] to introduce and study several covering properties of bitopological spaces, including the notion of sequential
normality which is the main topic of this paper. Naturally this direct link with bitopology disappears in the case of a
general ditopological texture space, but nonetheless it provides the inspiration for many ditopological notions, such
as the following notions given in [6]. In these definitions C = {(Aj ,Bj ) | j ∈ J } and D may be general difamilies,
although they are usually applied to dicovers.
(1) C is a refinement of D if for all j ∈ J there exists LDM such that Aj ⊆ L and M ⊆ Bj . In this case we write
C≺D.
(2) The star and co-star of C ∈ S with respect to C are respectively the sets
St(C,C) =
∨
{Aj | j ∈ J, C ⊆ Bj } ∈ S, and
CSt(C,C) =
⋂
{Bj | j ∈ J, Aj ⊆ C} ∈ S.
We say that C is a delta refinement of D, and write C≺(Δ)D, if
CΔ = {(St(C,Ps),CSt(C,Qs)) ∣∣ s ∈ S}≺D.
We say that C is a star refinement of D, and write C≺()D, if
C = {(St(C,Aj ),CSt(C,Bj )) ∣∣ j ∈ J}≺D.
(3) C is called open, coclosed if Aj ∈ τ and Bj ∈ κ for all j ∈ J .
Textures and ditopological texture spaces were initially conceived by the first author as a means of representing
fuzzy sets and topologies in a point-based setting, and this aspect of the theory continues to be of interest [5–9]. Com-
bined with the inherent connection with bitopologies and topologies mentioned above, this means that ditopological
texture spaces form a unified setting for the study of topologies, bitopologies, topologies on a Hutton algebra L and
L-topologies on a set X in the sense of Chang–Goguen. Much of the theory developed so far has concentrated on
concepts, such as that of dicover, that are appropriate to a complement-free setting. These enable the expression of
powerful results within often quite minimal structures, such as the unit interval texture with its natural ditopology. This
space plays a role analogous to that of the unit interval in classical topology, even though it consists of only a very
small subset of P(I). This could make textures an ideal medium for representing topological notions in a software
system such as MAPLE, and work is planed in this direction for the future.
The reader is referred to [15] for terms from lattice theory not defined here.
2. Normality and sequential normality
The dicover P = {(Ps,Qs) | s ∈ S} mentioned above is involved in the notion of delta refinement, and in that of
anchored dicover which plays an important role in the development of dicover uniformities given in [20]. Indeed, P is
the smallest anchored dicover under the operation of refinement, and we will therefore refer to P as the root anchored
dicover. Unfortunately, however, although anchored dicovers have many pleasant properties, their use in the current
investigation would introduce unwanted restrictions, and we therefore begin by introducing a new difamily
P= {(Ps1 ,Qs2) | s1ωs2}
which we will use in place of P.
Proposition 2.1. Let (S,S) be a texture and ω the corresponding interior relation.
(1) P is a dicover satisfying P≺ PΔ = P.
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(i) C is a dicover.
(ii) P≺ C.
(iii) Given s1ωs2 there exists j ∈ J with Aj ⊆ Qs1 and Ps2 ⊆ Bj .
Proof. (1) Let ω1, ω2 be a partition of ω and assume that
⋂
s1ω1s2
Qs2 ⊆
∨
s1ω2s2
Ps1 . Now we may choose u1, u2 ∈ S
satisfying⋂
s1ω1s2
Qs2 ⊆ Qu2 , u1ωu2 and Pu1 ⊆
∨
s1ω2s2
Ps1,
and then both u1ω1u2 and u1ω2u2 lead to immediate contradictions. Hence, P is a dicover.
Now take s1ωs2 and choose s ∈ S with s1ωs and sωs2. Then from s1ωs we have Ps ⊆ Qs1 so Ps1 ⊆ Ps ⊆ St(P,Ps)
by [6, Lemma 4.4]. Likewise sωs2 gives s ∈ S and CSt(P,Qs) ⊆ Qs ⊆ Qs2 , so P ≺ PΔ. Finally, if s ∈ S and
Ps ⊆ Qs2 for some s1ωs2 then we easily obtain Ps1 ⊆ Ps and so Ps ⊆ St(P,Ps) ⊆ Ps . Likewise we can show that
Qs ⊆ CSt(P,Qs) ⊆ Qs , and we have established that PΔ = P.
(2) (i) ⇒ (ii) Suppose that C is a dicover but that P ≺ C. Then we have s1ωs2 so that
j ∈ J ⇒ Ps1 ⊆ Aj or Bj ⊆ Qs2 . (2.1)
Let J2 = {j ∈ J | Aj ⊆ Qs1}, J1 = J \ J2, so that
⋂
j∈J1 Bj ⊆
∨
j∈J2 Aj ⊆ Qs1 . Now Ps2 ⊆ Qs1 gives j ∈ J1 with
Ps2 ⊆ Bj . This is impossible since
j ∈ J1 ⇒ Aj ⊆ Qs1 ⇒ Ps1 ⊆ Aj ⇒ Bj ⊆ Qs2 ⇒ Ps2 ⊆ Bj
by implication (2.1).
(ii) ⇒ (iii) Given s1ωs2 take u1, u2 ∈ S with s1ωu1, u1ωu2 and u2ωs2. By (ii) we have j ∈ J with Pu1 ⊆ Aj ,
Bj ⊆ Qu2 , which immediately gives Aj ⊆ Qs1 and Ps2 ⊆ Bj .
(iii) ⇒ (i) Suppose that (iii) holds but that for some partition J1, J2 of J we have ⋂j∈J1 Bj ⊆∨j∈J2 Aj . Choose
s1, s2 ∈ S with ⋂j∈J1 Bj ⊆ Qs2 , s1ωs2 and Ps1 ⊆∨j∈J2 Aj . Using (iii) we have j ∈ J with Aj ⊆ Qs1 and Ps2 ⊆ Bj .
If j ∈ J1 we have the contradiction Ps2 ⊆ Bj , while if j ∈ J2 we have the contradiction Aj ⊆ Qs1 . Hence, C is a
dicover. 
It follows from this proposition that P is the smallest dicover under the operation of refinement, which justifies the
following definition.
Definition 2.2. P given above is called the root dicover of (S,S).
The root dicover will be an extremely important tool in the analysis to follow.
We begin by recalling the following definition.
Definition 2.3. (See [6, Definition 4.8].) A ditopological texture space is called dicover fully normal if every open,
coclosed dicover has an open, coclosed star refinement.
In this paper we will abbreviate “dicover fully normal” to “fully dinormal”.
Definition 2.4. A sequence (Cn)n∈N of open, coclosed dicovers will be called normal if Cn+1 ≺() Cn for all n ∈ N.
A dicover C will be called normal if there exists a normal sequence (Cn)n∈N with C0 ≺ C.
Clearly, (S,S, τ, κ) is fully dinormal if and only if every open, coclosed dicover of (S,S, τ, κ) is normal.
Examples 2.5. (1) By [6, Theorem 4.9] we see that any bi-R1 dicover biparacompact space is fully dinormal. In
particular every bi-R1 dicompact (i.e., dicover bicompact) space is fully dinormal, so e.g. the unit interval texture
(I, I, τI, κI) is such a space.
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the corresponding bitopological space (X,u, v) described in detail in [21] implies at once that the notion of full dinor-
mality for ditopological texture reduces to the bitopological notion of full binormality given in [2, Definition 1.1.6] in
this special case. More particularly, this concept for complemented ditopological texture spaces (X,P(X),πX,T,Tc),
πX(Y ) = X \ Y , Y ⊆ X corresponding to a topological space (X,T), reduces to the usual notion of full normality.
Despite the coincidence of the full normality of (X,T) with the full binormality of (X,T,T), it transpires that in
the general case the concept of full binormality is much more powerful vis-à-vis bitopologies than is full normality
vis-à-vis topologies. In particular, and this will concern us in the following section, a p–q-metrizable bitopological
space need not be fully binormal [2, Example 1.6.1] (see also [3]). With this in mind a weaker notion of bitopological
full normality, called sequential normality, was given in [2, Definition 1.4.1]. It is known that for bitopologies of the
form (X,T,T), sequential normality is equivalent to full normality of (X,T), so again we have a valid bitopological
generalization of full normality. For Hausdorff spaces full normality is equivalent to paracompactness by the Stone
Coincidence Theorem, so in this case sequential normality also generalizes paracompactness.
We aim to extend the notion of sequential normality to general ditopological texture spaces. We begin by defining
an operation on pairs of difamilies. Namely, if E and F are difamilies, then E ∗F is the difamily given by
E ∗F = {(St(E,A),CSt(E,B)) | AFB}.
We may now give:
Definition 2.6. Let (S,S, τ, κ) be a ditopological texture space.
(1) A dicover C of (S,S, τ, κ) is called sequentially normal if there exists a normal sequence (En)n∈N and a sequence
(Fn)n∈N of difamilies satisfying the following two properties:
(a) (∀n ∈ N) (En ∗Fn ≺ C).
(b) ⋃∞n=0 Fn is a dicover of (S,S, τ, κ).
(2) The space (S,S, τ, κ) is called dicover sequentially normal, or sequentially dinormal for short, if every open,
coclosed dicover of (S,S, τ, κ) is sequentially normal.
We recall from [6, Definition 3.3] (see also [9]) that the ditopological texture space (S,S, τ, κ) is normal if given
F ∈ κ , G ∈ τ with F ⊆ G we have H ∈ τ , K ∈ κ with F ⊆ H ⊆ K ⊆ G. The following theorem shows that sequential
dinormality lies between normality and full dinormality.
Theorem 2.7. Let (S,S, τ, κ) be a ditopological texture space.
(1) If (S,S, τ, κ) is fully dinormal, then it is sequentially dinormal.
(2) If (S,S, τ, κ) is sequentially dinormal, then it is normal.
Proof. (1) Let C be an open, coclosed dicover in the fully dinormal space (S,S, τ, κ). Then there exists a normal
sequence (Cn)n∈N with C0 ≺ C. Let En = Fn = Cn+1 for all n ∈ N. Then certainly (En)n∈N is a normal sequence,
En ∗Fn = (Cn+1)∗ ≺ Cn ≺ C by [6, Lemma 4.7(1)], and clearly ⋃∞n=0 Fn is a dicover since each Cn+1 is. Hence, C is
sequentially normal, whence (S,S, τ, κ) is sequentially dinormal.
(2) Take G ∈ τ,K ∈ κ with K ⊆ G and set
D= {(G,∅), (S,K)}.
Clearly D is an open, coclosed dicover of (S,S, τ, κ), so we have En, Fn as in Definition 2.4. Define:
H =
∞∨
n=0
(∨{
A∩
n⋂
k=0
]
CSt(Fk,G)
[ ∣∣∣ ∃B with AFnB, K ⊆ B
})
,
F =
∞⋂(⋂{
B ∪
n⋃[
St(Fk,K)
] ∣∣∣ ∃A with AFnB, A ⊆ G
})
.n=0 k=0
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To show K ⊆ H we show first that K ⊆ ]CSt(Fk,G)[ ∀k ∈ N. Suppose the contrary for some k ∈ N and choose
s1, s2 ∈ S with K ⊆ Qs2 , s1ωs2 and Ps1 ⊆ ]CSt(Fk,G)[. Since Ek is a dicover, by Proposition 2.1(2(ii)) we have
LEkM with Ps1 ⊆ L and M ⊆ Qs2 . Hence L ⊆ ]CSt(Fk,G)[, and since L ∈ τ we deduce L ⊆ CSt(Fk,G), whence
we have AFkB with A ⊆ G and L ⊆ B . We note from Ek ∗Fk ≺D that St(Ek,A) ⊆ G or K ⊆ CSt(Ek,B). However,
the first inclusion gives A ⊆ St(Ek,G) ⊆ G by [6, Lemma 4.4], which contradicts A ⊆ G, while the second gives
K ⊆ M and hence the contradiction K ⊆ Qs2 . This establishes K ⊆ ]CSt(Fk,G)[ ∀k ∈ N.
We now have, for each n ∈ N,
K ∩
∨
{A | ∃B, AFnB, K ⊆ B} =
∨
{A∩K | ∃B, AFnB, K ⊆ B}
⊆
∨{
A∩
n⋂
k=0
]
CSt(Fk,G)
[ ∣∣∣ ∃B, AFnB, K ⊆ B
}
,
so K ∩∨{A | ∃B, AFB, K ⊆ B} ⊆ H , where F =⋃∞n=0 Fn. However K ⊆ St(F,K) =∨{A | ∃B,AFB, K ⊆ B}
by [6, Lemma 4.4] since F is a dicover, so we obtain K ⊆ H .
A dual argument shows that F ⊆ G, and we omit the details.
Finally, it remains to show that H ⊆ F . Suppose the contrary, then we have m,n ∈ N with
∨{
A∩
m⋂
k=0
]
CSt(Fk,G)
[ ∣∣∣ ∃B, AFmB, K ⊆ B
}
⊆
⋂{
B ∪
n⋃
l=0
[
St(Fl ,K)
] ∣∣∣ ∃A, AFnB, A ⊆ G
}
.
Hence we have
A1FmB1 satisfying K ⊆ B1, (2.2)
A2FnB2 satisfying A2 ⊆ G, (2.3)
for which
A1 ∩
m⋂
k=0
]
CSt(Fk,G)
[ ⊆ B2 ∪ n⋃
l=0
[
St(Fl ,K)
]
.
There are two cases:
Case 1. m n. This gives A1 ⊆ St(Fm,K), which contradicts (2.2).
Case 2. n <m. This gives CSt(Fn,G) ⊆ B2, which contradicts (2.3).
This establishes H ⊆ F , and completes the proof. 
3. Dimetrizability of ditopological texture spaces
It is known that sequential normality has the desirable property that it is possessed by every p–q-metrizable space
[2, Theorem 1.4.2, Corollary]. Moreover, this property is involved in an analogue of one form of the Bing Metrization
Theorem [1] established by the first author in [3]. It is our aim in this section to establish analogous results in the
much more general context of ditopological texture spaces.
To this end we take as our notion of metric in this setting the concept of pseudo-dimetric which arises naturally in
[20] as part of an investigation into textural uniformities. We recall the definition for the benefit of the reader.
Definition 3.1. (See [20, Definition 6.1].) Let (S,S) be a texture, ρ,ρ :S×S → [0,∞) two functions. Then ρ = (ρ,ρ)
is called a pseudo-dimetric on (S,S) if
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M2 Ps ⊆ Qt ⇒ ρ(s, t) = 0 ∀s, t ∈ S,
DM ρ(s, t) = ρ(t, s) ∀s, t ∈ S,
CM1 ρ(s, t) ρ(s,u)+ ρ(u, t) ∀s, u, t ∈ S,
CM2 Pt ⊆ Qs ⇒ ρ(s, t) = 0 ∀s, t ∈ S.
In this case ρ is called the pseudo-metric, ρ the pseudo-cometric of ρ.
If ρ is a pseudo-dimetric which satisfies the conditions
M3 Ps ⊆ Qu, ρ(u, v) = 0, Pv ⊆ Qt ⇒ Ps ⊆ Qt ∀s, t, u, v ∈ S,
CM3 Pu ⊆ Qs , ρ(u, v) = 0, Pt ⊆ Qv ⇒ Pt ⊆ Qs ∀s, t, u, v ∈ S,
it is called a dimetric.
Note that, in view of the “symmetry condition” DM, it is sufficient to be given only ρ or ρ.
In the case of a discrete texture (X,P(X)) we have, as noted earlier, xωy ⇔ x = y. Hence, M2 reduces to
ρ(x, x) = 0 and CM2 to ρ(x, x) = 0, so on such a texture a pseudo-dimetric ρ is precisely a conjugate pair of p–q-
metrics. This gives a natural link with the bitopological and topological cases. On the other hand, in the case of general
textures the conditions M2 and CM2 can, as well as requiring zero distance for certain pairs of unequal points, permit
non-zero distance between a point and itself, as is the case for partial metrics [19].
To define the ditopology of a (pseudo-) dimetric we set
Nρ
 (s) =
∨{
Pt | ∃u ∈ S with Ps ⊆ Qu, ρ(u, t) < 

}
, (3.1)
Mρ
 (s) =
⋂{
Qt | ∃u ∈ S with Pu ⊆ Qs, ρ(u, t) < 

}
. (3.2)
It is shown in [20, Proposition 6.3] that βρ = {Nρ
 (s) | s ∈ S, 
 > 0} is a base and γρ = {Mρ
 (s) | s ∈ S, 
 > 0}
a cobase for a ditopology (τρ, κρ) on (S,S). We note in particular that
Ps ⊆ Nρ
 (s) ∈ τρ and κρ  Mρ
 (s) ⊆ Qs for all s ∈ S. (3.3)
We note at this point that considering pairs of the form (Nρ
 (s),Mρ
 (s)) for s ∈ S would give a dicover refined
by the root anchored dicover P. We will therefore prefer, for reasons mentioned earlier, to consider rather pairs
(N
ρ

 (s1),M
ρ

 (s2)), s1ωs2, which are based on the root dicover P. In this case we have s1 ∈ S explicitly, but it could
be that s2 /∈ S. Should this be the case we clearly have Mρ
 (s2) = S ∈ κρ , so no problem will arise by not requiring
s2 ∈ S explicitly.
We will find the following result useful in the sequel.
Lemma 3.2. Let ρ be a pseudo-dimetric on (S,S) with ditopology (τρ, κρ). Then:
(1) G ∈ τρ ⇔ (G ⊆ Qs ⇒ ∃
 > 0 with N
(s) ⊆ G).
(2) K ∈ κρ ⇔ (Ps ⊆ K ⇒ ∃
 > 0 with K ⊆ M
(s)).
Proof. These results follow from the proof of [20, Theorem 6.4(iii)], but for completeness we give a direct proof
of (1), and the interested reader may easily supply a similar proof of (2).
Clearly the given condition is sufficient to ensure G ∈ τρ , so we establish necessity. Take G ∈ τρ and s ∈ S with
G ⊆ Qs . By the definition of τρ we have u ∈ S and δ > 0 with Nρδ (u) ⊆ Qs and Nρδ (u) ⊆ G. The first condition
gives Ps′ ⊆ Qs and Pu ⊆ Qu′ with ρ(u′, s′) < δ. If we choose 
 > 0 satisfying ρ(u′, s′) + 
 > δ it is easy to check
that Nρ
 (s) ⊆ Nρδ (u) ⊆ G, while clearly s ∈ S. 
For n ∈ N we will set Nn(s) = Nρ3−n(s), Mn(s) = Mρ3−n(s) and define
On =Oρn =
{(
Nn(s1),Mn(s2)
) | s1ωs2}.
Since Ps ⊆ Nn(s) and Mn(s) ⊆ Qs we see that P≺On, whence On is a dicover for each n by Proposition 2.1(2).
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Proof. Take s1ωs2 and v1ωv2 satisfying Nn+1(s1) ⊆ Mn+1(v2). Now we have t, t ′ ∈ S with Pt ⊆ Qt ′ ; u ∈ S with
Ps1 ⊆ Qu, ρ(u, t) < 3−n−1 and v ∈ S with Pv ⊆ Qv2 , ρ(v, t ′) < 3−n−1, that is ρ(t ′, v) < 3−n−1. Noting that
ρ(t, t ′) = 0, ρ(v, v2) = ρ(v2, v1) = 0 and using the triangle inequality gives ρ(u, v1) < 2 · 3−n−1. Finally, to es-
tablish Nn+1(v1) ⊆ Nn(s1) take z,w ∈ S satisfying Pv1 ⊆ Qw and ρ(w, z) < 3−n−1. Then ρ(v1,w) = 0, and so
ρ(u, z) < 2 · 3−n−1 + 3−n−1 = 3−n, which gives the required result.
Hence St(On+1,Nn+1(s1)) ⊆ Nn(s1), and in just the same way we can show Mn(s2) ⊆ CSt(On+1,Mn+1(s2), so
On+1 ≺()On. 
It follows that (On)n∈N is a normal sequence for (τρ, κρ). The following definition will enable us to give a useful
characterization of normal dicovers.
Definition 3.4. Let (S,S, τ, κ) be a ditopological texture space and ρ a pseudo-dimetric on (S,S). Then ρ is called
evenly subordinate to the dicover C if Oρn ≺ C for some n ∈ N.
Proposition 3.5. The dicover C on (S,S, τ, κ) is normal if and only if there exists an admissible pseudo-dimetric
evenly subordinate to C.
Proof. Sufficiency. Let ρ be an admissible pseudo-dimetric evenly subordinate to C. Since, by Definition 3.4 we have
O
ρ
n ≺ C for some n ∈ N, it will suffice by Lemma 3.3 to show that the dicovers Oρn are open, coclosed for (τ, κ).
However, the sets Nn(s) are τρ -open, and the sets Mn(s) are κρ -closed, while τρ ⊆ τ , κρ ⊆ κ as ρ is admissible, so C
is normal.
Necessity. Let C be normal. Then we have open, coclosed dicovers Cn with Cn+1 ≺() Cn for n ∈ N and C0 ≺ C. In
the notation of [20, Proposition 2.5], let rn = d(C2n), Rn = D(C2n), so that (rn,Rn) = γ (C2n) is a reflexive symmetric
direlation for each n. Moreover, by [20, Proposition 2.6], C2(n+1) ≺() C2n+1 ≺() C2n gives δ(C2(n+1))4  δ(C2n), so
(rn+1,Rn+1)4  (rn,Rn) and by reflectivity, (rn+1,Rn+1)3  (rn,Rn).
Defining ϕ :S × S → [0,1] by
ϕ(u, v) =
⎧⎪⎨
⎪⎩
0 if rn ⊆ Q(u,v) ∀n ∈ N,
1 if rn ⊆ Q(u,v) ∀n ∈ N,
2−n rn ⊆ Q(u,v), rn+1 ⊆ Q(u,v) otherwise,
it follows from [20, Lemma 4.12] that we have a function q :S × S → [0,∞) satisfying
(1) 12ϕ(u, v) q(u, v) ϕ(u, v) ∀u,v ∈ S.(2) Pu ⊆ Qv ⇒ q(u, v) = 0 ∀u,v ∈ S.
(3) q(u, v) q(u,w)+ q(w,v) ∀u,v,w ∈ S.
Setting ρ = q , ρ = q∗ where q∗(u, v) = q(v,u) gives a dimetric ρ = (ρ,ρ) (alternatively, by the symmetry of
(rn,Rn), q
∗ may be found from [20, Lemma 2.13]). It is straightforward to verify that
rn = d(C2n) ⊆ Q(u,v) ⇔ ∃AC2nB satisfying A ⊆ Qv and Pu ⊆ B (3.4)
⇔ St(C2n,Pu) ⊆ Qv. (3.5)
We begin by showing that
Oρn ≺ C2n−1 for n 1. (3.6)
Take s1ωs2. Then by Proposition 2.1(2) we have AC2nB with A ⊆ Qs1 and Ps2 ⊆ B . To prove Nn(s1) ⊆ St(C2n,A) it
will be sufficient to show that given Ps1 ⊆ Qu and z ∈ S satisfying ρ(u, z) < 3−n we have Pz ⊆ St(C2n,A). However,
ρ(u, z) < 3−n ⇒ ϕ(u, z) < 2 · 3−n < 2−n−1, and so ϕ(u, z) 2−n. This gives rn ⊆ Q(u,z) and hence by (3.4) we have
A′C2nB ′ with A′ ⊆ Qz and Pu ⊆ B ′. Now Pu ⊆ Ps1 ⊆ A so A ⊆ B ′ and hence Pz ⊆ A′ ⊆ St(C2n,A) as required.
In an analogous way CSt(C2n,B) ⊆ Mn(s2), and hence On ≺ C∗ ≺ C2n−1 for n 1.2n
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to C.
To prove that ρ is admissible it will suffice to show that Nρ
 (s) ∈ τ , Mρ
 (s) ∈ κ for each 
 > 0. We prove the
first result, leaving the second to the interested reader. Take Nρ
 (s) ⊆ Qt . We must show that St(C2n,Pt ) ⊆ Nρ
 (s)
for a suitable n ∈ N. Now we have Pt ′ ⊆ Qt , Ps ⊆ Qu with ρ(u, t ′) < 
, whence ρ(u, t) < 
 and we may choose
n ∈ N for which ρ(u, t) + 2−n < 
. Suppose that the required inclusion does not hold for this n and take v ∈ S with
St(C2n,Pt ) ⊆ Qv , Pv ⊆ Nρ
 (s). By (3.5) we have ρ(t, v) 2−n and so ρ(u, v) ρ(u, t)+ρ(t, v) ρ(u, t)+2−n < 

which gives the contradiction Pv ⊆ Nρ
 (s). Hence, Nρ
 (s) ∈ τ , as required. 
We now turn to the question of obtaining a similar characterization of sequentially normal dicovers.
Definition 3.6. The pseudo-dimetric ρ on (S,S, τ, κ) is said to be subordinate to the dicover C if given s1ωs2 there
exists UCV and n ∈ N with Nn(s1) ⊆ U and V ⊆ Mn(s2).
Clearly, a pseudo-dimetric which is evenly subordinate to C is also subordinate to C.
Proposition 3.7. The dicover C on (S,S, τ, κ) is sequentially normal if and only if there exists an admissible pseudo-
dimetric subordinate to C.
Proof. Sufficiency. Let ρ be an admissible pseudo-dimetric subordinate to C. For n ∈ N let
En =On+1, Fn =
{
(Ps1 ,Qs2) | s1ωs2, ∃ACB with Nn(s1) ⊆ A, B ⊆ Mn(s2)
}
.
By Lemma 3.3 and the admissibility of ρ we see that (En)n∈N is a normal sequence of open, coclosed dicovers of
(S,S, τ, κ). Each Fn is a difamily, and Definition 3.6 shows that P ≺⋃n∈NFn, so ⋃n∈NFn is a dicover by Propo-
sition 2.1(2). It remains to show that En ∗ Fn ≺ C for each n ∈ N. However, for s1ωs2, St(On+1,Ps1) ⊆ Nn(s1) and
Mn(s2) ⊆ CSt(On+1,Qs2) may easily be established using an argument similar to that used in the proof of Lemma 3.3,
and we deduce that C is sequentially normal.
Necessity. Let C be a sequentially normal dicover of (S,S, τ, κ). Then we have a normal sequence (En)n∈N of open,
coclosed dicovers and difamilies Fn, n ∈ N for which ⋃n∈NFn is a dicover and En ∗ Fn ≺ C for all n ∈ N. Just as in
the proof of sufficiency in Proposition 3.5 we may use the sequence (En)n∈N to give an admissible pseudo-dimetric ρ
satisfying Oρn ≺ E2n−1 for all n 1. To show that ρ is subordinate to C take s1ωs2 and choose points of S satisfying
s1ωv2, v2ωu1, u1ωu2, u2ωw1 and w1ωs2.
Since u1ωu2 and
⋃
n∈NFn is a dicover we have by Proposition 2.1(2) that there exists k ∈ N and AFkB for which
A ⊆ Qu1 and Pu2 ⊆ B . Since Ek ∗Fk ≺ C there exists UCV with St(Ek,A) ⊆ U and V ⊆ CSt(Ek,B).
If we choose n ∈ N satisfying 2n − 1  k we have Oρn ≺ Ek by (3.6) and [20, Lemma 2.2(1)]. Applying this for
Nn(s1)OnMn(v2) gives A′EkB ′ with Nn(s1) ⊆ A′ and B ′ ⊆ Mn(v2). Since Mn(v2) ⊆ Qv2 , Pu1 ⊆ A and Pu1 ⊆ Qv2
we have A ⊆ B ′ and hence Nn(s1) ⊆ A′ ⊆ St(En,A) ⊆ U . A dual argument involving Nn(w1)OρnMn(s2) leads to
V ⊆ Mn(s2) and we have established that ρ is subordinate to C. 
Corollary 3.8. Every pseudo-dimetrizable space is sequentially dinormal.
Proof. If ρ is a compatible pseudo-dimetric then ρ is admissible, so by Proposition 3.7 it will be sufficient to show
ρ is subordinate to any open, coclosed dicover C. To see this take s1ωs2 and choose GCK with G ⊆ Qs1 , Ps2 ⊆
K by Proposition 2.1(2). Since G ∈ τ = τρ we have 
1 > 0 with N
1(s1) ⊆ G by Lemma 3.2(1), and likewise by
Lemma 3.2(2) we have 
2 > 0 with K ⊆ M
2(s2). Taking n ∈ N satisfying 3−n min{
1, 
2} now gives Nn(s1) ⊆ G,
K ⊆ Mn(s2), as required. 
Since for discrete spaces (X,P(X),πX,T,Tc), pseudo-dimetrizability corresponds to pseudo-metrizability and
sequential dinormality to full normality of (X,T), we see that this corollary generalizes the classical result that a
pseudo-metrizable topological space is fully normal.
In order to obtain a pseudo-dimetrization theorem we next define a notion of development for ditopological texture
spaces.
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s1ωs2 and G ∈ τ , K ∈ κ with G ⊆ Qs1 , Ps2 ⊆ K there exists n ∈ N+ with St(Dn,Ps1) ⊆ G and K ⊆ CSt(Dn,Qs2).
A ditopological texture space which has a didevelopment is called didevelopable.
Proposition 3.10. Every pseudo-dimetrizable space is didevelopable.
Proof. If ρ is a pseudo-dimetric on (S,S) it is straightforward to verify that (Oρn)n∈N+ is a didevelopment of
(S,S, τρ, κρ). 
We are now in a position to give the promised pseudo-dimetrization theorem.
Theorem 3.11. A ditopological texture space is pseudo-dimetrizable if and only if it is sequentially dinormal and
didevelopable.
Proof. Necessity. This follows from Corollary 3.8 and Proposition 3.10.
Sufficiency. Let (Dn)n∈N+ be a didevelopment of the space (S,S, τ, κ). If (S,S, τ, κ) is sequentially dinormal, then
by Definition 3.6 there exists an admissible pseudo-dimetric ρn subordinate to the dicover Dn, and without loss of
generality we may assume that 0 ρn,ρn  1 for each n ∈ N+. It follows easily that
ρ(u, v) =
∞∑
n=1
2−nρn(u, v), ρ(u, v) =
∞∑
n=1
2−nρ
n
(u, v)
defines a pseudo-dimetric ρ = (ρ,ρ) on (S,S, τ, κ). Let us show that ρ is compatible with (τ, κ).
We begin by showing that ρ is admissible. It is clearly sufficient to show each Nρ
 (s) ∈ τ and Mρ
 (s) ∈ κ . We prove
the first result, leaving the dual proof of the second result to the interested reader. Take Nρ
 (s) ⊆ Qt . Since Nρ
 (s) ∈ τρ ,
by Lemma 3.3 there exists δ > 0 with Nρδ (t) ⊆ Nρ
 (s). Choose k ∈ N satisfying
∑∞
n=k+1 2−n = 2−k  δ/2. Then,
noting that
∑k
n=1 2−n = 1 − e−k < 1 we deduce easily that
Pt ⊆
k⋂
n=1
N
ρn
δ/2(t) ⊆ Nρδ (t) ⊆ Nρ
 (s),
while
⋂k
n=1 N
ρn
δ/2(t) ∈ τ since ρn is admissible for 1 n k. This shows that Nρ
 (s) ∈ τ , as required.
On the other hand, to show that τ ⊆ τρ take s ∈ S and G ∈ τ with G ⊆ Qs . Choose G ⊆ Qs2 , Ps2 ⊆ Qs1 , Ps1 ⊆ Qt
and Pt ⊆ Qs . Since s1ωs2, G ⊆ Qs1 and Ps2 ⊆ ∅ ∈ κ there exists by Definition 3.9 n ∈ N+ with, in particular,
St(Dn,Ps1) ⊆ G. On the other hand ρn is subordinate to Dn and sωt so there exists m ∈ N and UDnV satisfying
N
ρn
m (s) ⊆ U and V ⊆ Mρnm (t). However, Mρnm (t) ⊆ Qt and Ps1 ⊆ Qt so Ps1 ⊆ V and we obtain Nρnm (s) ⊆ U ⊆
St(Dn,Ps1) ⊆ G. Finally, if we choose δ satisfying 0 < δ  2−n3−m we clearly have Ps ⊆ Nρδ (s) ⊆ G. It follows
that G ∈ τρ and so τ ⊆ τρ , while a dual proof, which we omit, shows that κ ⊆ κρ . This completes the proof of
compatibility. 
Again, this result generalizes the classical result which says that a topological space is pseudo-metrizable if and
only if it is fully normal and developable.
To conclude this paper we specialize the above result to dimetrics. Just as the topology of a metric space is T0 and
hence T4, we will see that the ditopology of a dimetric is T0 and hence bi-T4. Here we recall from [9, Theorem 4.7] that
a characteristic property of a T0 space (S,S, τ, κ) is that Qs ⊆ Qt ⇒ ∃C ∈ τ ∪ κ with Ps ⊆ C ⊆ Qt . Moreover from
[9, Definition 3.1] the space (S,S, τ, κ) is R0 (co-R0) if G ∈ τ , G ⊆ Qs ⇒ [Ps] ⊆ G (F ∈ κ , Ps ⊆ F ⇒ F ⊆ ]Qs[).
Finally, a T0 space that is R0 is said to be T1, a T1 normal space is called T4, similar definitions are made for co-T1,
co-T4, and a space which is both T1 and co-T1 (T4 and co-T4) is called bi-T1 (bi-T4). Now we may give:
Corollary 3.12. The following are equivalent:
(1) (S,S, τ, κ) is dimetrizable.
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(3) (S,S, τ, κ) is T0, sequentially dinormal and didevelopable.
Proof. (1) ⇒ (2) Let ρ be a dimetric compatible with (τ, κ). Then (S,S, τ, κ) is sequentially dinormal and didevel-
opable by Theorem 3.11. In particular it is normal by Theorem 2.7(2). On the other hand the di-uniformity generated
by ρ is separated by [20, Theorem 6.4ii], so the uniform ditopology, which coincides with (τ, κ) by [20, Theo-
rem 6.4iii], is T0 by [20, Theorem 4.16]. On the other hand the uniform ditopology is completely biregular by [20,
Theorem 4.14], and hence in particular bi-R0 and therefore bi-T1. This establishes that (τ, κ) is bi-T4.
(2) ⇒ (3) Immediate.
(3) ⇒ (1) There is a compatible pseudo-dimetric ρ by Theorem 3.11, and by an argument similar to that used above
the fact that (τ, κ) is T0 shows that ρ is a dimetric. 
Specializing to the topological case we obtain that a topological space is metrizable if and only if it is a devel-
opable fully normal Hausdorff space, that is a developable paracompact space. This is precisely one form of the Bing
Metrization Theorem [1]. The reader is referred to [20, Theorem 6.9] for a generalization of the Alexandroff–Urysohn
Metrization Theorem to ditopological texture spaces.
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